Let R be an (m, n)-hyperring and M be an (m, n)-hypermodule over R. We introduce and study n-ary prime, primary and maximal subhypermodules of M. Also, Jacobson radical and the quotient structure of a canonical (m, n)-hypermodule are discussed. Finally, the connection between prime, primary and maximal subhypermodules and hyperideals of R is investigated.
Introduction
One of the well established branches of classical algebraic theory is hyperstructure theory that was first introduced by Marty in 1934 [15] as a generalization of the concept of groups. Afterward, because of many applications of this theory in both pure and applied sciences, many authors study in this context. Some review of the hyperstructure theory can be found in [1, 5, 9, 18] , respectively.
In 1928, Dörnte introduced the concept of n-ary groups [11] and since then, n-ary systems have been studied in depth in different contexts. The research about n-ary hyperstructures was initiated by Davvaz and Vougiouklis who introduced these structures in [10] . The notation of (m, n)-ary hyperrings was defined by Mirvakili and Davvaz in [16] . After the definition of (m, n)-hypermodules over (m, n)-hyperrings by Anvariyeh et al. in [3] , Belali et al. defined free and canonical (m, n)-hypermodules and studied some results in this context [4] . n-ary hyperstructures are a generalization of algebraic hyperstructures, which represent a very applied field of algebra, for instance in E-mail addresses: rameri@ut.ac.ir (R. Ameri), m.norouzi@umz.ac.ir (M. Norouzi), foteavioleta@gmail.com (V. Leoreanu-Fotea) .
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Euclidean and non Euclidean geometry, graphs and hypergraphs, binary relations, lattices, automata, cryptography, codes, artificial intelligence, probabilities and so on (see [6] ). For more study on n-ary structures and n-ary hyperstructures refer to [7, 8, [12] [13] [14] .
We introduced in [2] the concept of n-ary prime and n-ary primary hyperideals in Krasner (m, n)-hyperring and proved some results in this respect. Also, Zahedi and Ameri defined prime, primary and maximal subhypermodules in [19] . Now, by using these papers we generalize the concepts of prime and primary on (m, n)-hypermodules. Hence, in this paper, at first, we state the concept of the quotient (m, n)-hypermodules and some properties of subhypermodules of an (m, n)-hypermodule. Afterward, Jacobson radical of (m, n)-hypermodules is defined and some results in this respect are investigated. Finally, n-ary prime and primary subhypermodules are introduced and the connection of them with n-ary prime and primary hyperideals of Krasner (m, n)-ary hyperrings is studied.
Preliminaries
In this section we give some definitions and results of n-ary hyperstructures which we need in what follows.
A mapping f : H × · · · × H    n −→ P * (H) is called an n-ary hyperoperation, where P * (H) is the set of all the nonempty subsets of H. An algebraic system (H, f ), where f is an n-ary hyperoperation defined on H, is called an n-ary hypergroupoid. We shall use the following abbreviated notation:
The sequence x i , x i+1 , . . . , x j will be denoted by x j i . For j < i, x j i is the empty set. Using this notation, f (x 1 , . . . , x i , y i+1 , . . . , y j , z j+1 , . . . , z n )
will be written as f (x i 1 , y j i+1 , z n j+1 ). In the case when y i+1 = · · · = y j = y the last expression will be written f (
). If f is an n-ary hyperoperation and t = l(n − 1) + 1, for some l ≥ 0, then t-ary hyperoperation f (l) is given by
For nonempty subsets A 1 , . . . , A n of H we define
is called an n-ary quasihypergroup. If (H, f ) is an n-ary semihypergroup and an n-ary quasihypergroup, then (H, f ) is called an n-ary hypergroup. An n-ary hypergroupoid (H, f ) is commutative if for all σ ∈ S n and for every a n 1 ∈ H we have f (a 1 , . . . , a n ) = f (a σ (1) , . . . , a σ (n) ). If a n 1 ∈ H then we denote (a σ (1) , . . . , a σ (n) ) by a σ (n) σ (1) . 
(2) for all x ∈ H there exists a unique
We say that e is the scalar identity of (H, f ) and x −1 is the inverse of x. Notice that the inverse of e is e. Definition 2.3 ([17] ). A Krasner (m, n)-hyperring is an algebraic hyperstructure (R, h, k) which satisfies the following axioms:
(1) (R, h) is a canonical m-ary hypergroup;
(2) (R, k) is a n-ary semigroup;
(3) the n-ary operation g is distributive with respect to the m-ary hyperoperation f , i.e., for all a i−1
(4) 0 is a zero element (absorbing element) of the n-ary operation k, i.e., for all x n
is an m-ary hypergroup and the map
satisfies the following conditions:
If g is an n-ary hyperoperation, S 1 , . . . , S n−1 are subsets of R and M 1 ⊆ M, we set 
x i is a canonical m-ary hypergroup. Now, we define an n-ary hyperoperation g by
Then (M, f , g) is a canonical (m, n)-hypermodule over the Krasner (m, n)-hyperring (R, h, k).
is an m-ary subhypergroup of (M, f ) and g(R (n−1) , N) ∈ P * (N).
Let (M 1 , f 1 , g 1 ) and (M 2 , f 2 , g 2 ) be two (m, n)-hypermodules over an (m, n)-hyperring (R, h, k). We say that ϕ : M 1 −→ M 2 is a homomorphism of (m, n)-hypermodules if for all x m 1 , x of M 1 and r n−1 1 of R:
Let (M, f , g) be a canonical (m, n)-hypermodule over a Krasner (m, n)-hyperring (R, h, k). Then
Definition 2.7 ([4]). A linear combination of the family
where r ij ∈ R and the set {r ij ; r ij ̸ = 0} is finite.
A subset X of M generates M if every element of M belongs to a linear combination of elements from X . We say that an (m, n)-hypermodule M is free, if there exists a subset X of M which generates M freely. Any set which freely generates M is called a basis of M.
The quotient of (m, n)-hypermodules
In this section, the concept of a quotient structure of an (m, n)-hypermodule is defined. Also, some properties with regard to subhypermodules of canonical (m, n)-hypermodules are investigated.
Let N be a sub-hypermodule of an (m, n)-ary hypermodule (M, f , g) over an (m, n)-hyperring (R, h, k). Then the set
 and with the n-ary hyperoperation G :
We say that a subhypermodule N of M is normal, if for all x m
Then, it can conclude that the m-ary and n-ary hyperoperations F and G on M/N, are defined as follows:
Theorem 3.2. The projection map π is a homomorphism of (m, n)-hypermodules.
Proof. For all x m
Moreover, for all r n−1
Therefore π is a homomorphism.
By using the concept of a quotient structure of an (m, n)-hypermodule by a subhypermodule of it, we can investigate isomorphism theorems of (m, n)-hypermodules and some other results in this context.
In what follows, we state two lemmas with regard to subhypermodules, which will be used in the
(1) 0 ∈ K ;
(2) For all x ∈ K , −x ∈ K ;
(3) For all x m
(4) For all r n−1
Proof. It is straightforward.
Hence, by the commutativity and associativity of f and since every K i is a subhypermodule, it follows that
Jacobson radical
In this section, we define maximal subhypermodules and Jacobson radical of (m, n)-ary hypermodules, and we prove some results, which connect these notions.
is a commutative n-ary semigroup. Also, we say that (R, h, k) is with a scalar identity if there exists an element 1 R such that x = k(x, 1
Later on, let (R, h, k) be a commutative Krasner (m, n)-hyperring with a scalar identity 1 R . For all r n−1
, −x). Let a subset X generate an (m, n)-hypermodule (M, f , g), that is, every element of M belongs to a linear combination of elements of X . We say that M is finitely generated if X is a finite subset of M. Proof. The proof is similar to that one for finitely generated modules. 
Proof. Suppose that u is a unit and M ̸ = ⟨u⟩. Since ⟨u⟩ is a subhypermodule and M is finitely generated, it follows that there exists a maximal subhypermodule N such that ⟨u⟩ ⊆ N. Also, we have u ∈ g(R (n−1) , u), whence u ∈ N which is a contradiction. Hence M = ⟨u⟩. Conversely, let M = g(R (n−1) , u) and u be not a unit. Then there exists a maximal subhypermodule N of M such that u ∈ N. Hence,
Therefore M ⊆ N and so M = N which is a contradiction.
Theorem 4.6. Let (M 1 , f 1 , g 1 ) and (M 2 , f 2 , g 2 ) be two finitely generated canonical (m, n)-hypermodules over (R, h, k) and let ϕ :
Proof. Since u is a unit in M 1 by Theorem 4.5, we have
, ϕ(u)).
Then M 2 = ⟨ϕ(u)⟩. Therefore by Theorem 4.5, ϕ(u) is a unit in M 2 . , x), 0 (m−2) ) such that t 0 is not a unit. Thus t 0 belongs to a maximal subhypermodule N of M. Since (M, f ) is a canonical hypergroup, it follows that
which is a contradiction. Hence all elements of f (u, −g(r n−1 1 , x), 0 (m−2) ) are units and so it is a unit subset.
Conversely, let f (u, −g(r n−1 1 , x), 0 (m−2) ) be a unit subset and let x ̸ ∈ J (m,n) (M). Then for some
) and so b is a unit, which contradicts the maximality of N x . Therefore x ∈ J (m,n) (M). Proof. By using the definition of an (m, n)-hypermodule, for all s n−1 
, a 1 ), . . . , g(r (k−1)(n−1)
, . . . , r m(n−1) m1 ∈ R and a k−1 1 , a m k+1 ∈ {a 1 , . . . , a m } such that 1 ≤ i ≤ n − 1. By the reversibility and associativity of f , it follows that
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, a 1 ), . . . , −g(r (k−1)(n−1)
, a 1 ), . . . , −g(r (k−1)(n−1) 2) ). By the reversibility of h
Hence a k ̸ ∈ L k,I 1 ,...,I n−1 . So L k,I 1 ,...,I n−1 is a proper subhypermodule of F . Now, let y ̸ ∈ L k,I 1 ,...,I n−1 . Since y ∈ F it follows that
Note that k ∈ {1, . . . , m}, because otherwise y ∈ L k,I 1 ,...,I n−1 which is a contradiction. Therefore r k1 ̸ ∈ I 1 , . . . , r k(n−1) ̸ ∈ I n−1 . Since I 1 , . . . , I n−1 are maximal hyperideals of R it follows that R = ⟨I n−1 1 , r k(n−1) k1 ⟩, and so there exist s n−1
Also, we have
Hence, by using the definition of an (m, n)-hypermodule and Lemma 4.9, it follows that
On the other hand, we have
Therefore
, −g(r 1(n−1)
, a 1 )), . . . ,
, a 1 )), . . . , g(s n−1
, a k+1 )), . . . , g(s n−1
Hence F = ⟨a k , L k,I 1 ,...,I n−1 ⟩ ⊆ ⟨y, L k,I 1 ,...,I n−1 ⟩ = F which implies that L k,I 1 ,...,I n−1 is a maximal subhypermodule of F .
n-ary prime and primary subhypermodules
In [2] , we introduced n-ary prime and primary hyperideals of Krasner (m, n)-hyperrings and obtained several results in this regard. In this section, we define these concepts on (m, n)-hypermodules as a generalization of prime and primary subhypermodules of hypermodules. {0} if x = 0 or r 1 = 0 or r 2 = 0 {x} if r 1 = r 2 = 1 {2} if r 1 , r 2 ̸ = 0 and x ̸ = 0.
Notice that f is commutative, and the place of r 1 and r 2 can be changed in all cases. Then (M, f , g) is an (3, 3)-hypermodule over (3, 3)-hyperring (R, h, k).
(1) Consider K = {0, 2}. It is easy to see that K is a subhypermodule of (M, f , g). For all g(r 1 ,
(2) Also, K ′ = {0} is a subhypermodule of M that is prime, because g(0, r, x) ⊆ {0}, and g(0, r, M) = {0} ⊆ K ′ , for all r ∈ R and x ∈ {1, 2, 3}. Then (S, ⊕) is a commutative group. Since every commutative group is a Z-module therefore S is a Z-module (Z is the set of all integers). We define 3-ary hyperoperations h and 3-ary operation k on Z as follows:
are commutative. Then (Z, h, k) is a Krasner (3, 3)-hyperring. Also, we define 3-ary hyperoperations f and g on S as follows:
Also, f is commutative and the place of r 1 and r 2 can be changed in all cases. Then (S, f , g) is a canonical (3, 3)-hypermodule over Krasner (3, 3)-hyperring (Z, h, k) . It is not difficult to see that T = {0, b} is a 3-ary prime subhypermodules of S in a similar manner to the example given before. , a), m, 0 (m−2) ). Then
, M) ⊆ P, and so P is prime. 
for r ∈ R, we conclude that L is a prime subhypermodule of (M, f , g). Q is called primary, if g(r n−1
for t ≤ n, and for t > n such that t = l(n − 1)
for some t ∈ N and l > 0. ∈ R and a ∈ M \ Q , then g(r n−1
Therefore Q is a primary subhypermodule. Proof. Let x ∈ ϕ −1 (ϕ(K )), then ϕ(x) ∈ ϕ(K ) = f (ϕ(K ), 0 (m−1) ). Hence, there exists k 1 ∈ K such that ϕ(x) ∈ f (ϕ(−k 1 ), 0 (m−1) ) and so 0 ∈ f (ϕ(x), ϕ(k 1 ), 0 (m−2) ) = ϕ(f (x, k 1 , 0 (m−2) )).
Therefore, there exists t ∈ f (x, −k 1 , 0 (m−2) ) such that t ∈ ker ϕ. Since (M, f ) is a canonical m-ary hypergroup, it follows that x ∈ f (−k 1 , ker ϕ, 0 (m−2) ) and so ϕ −1 (ϕ(K )) ⊆ f (K , ker ϕ, 0 (m−2) ). Now, let x ∈ f (K , ker ϕ, 0 (m−2) ). Hence, there exist k 1 ∈ K and b ∈ ker ϕ such that x ∈ f (k 1 , b, 0 (m−2) ).
Therefore x ∈ ϕ −1 (ϕ(K )) and so f (K , ker ϕ, 0 (m−2) ) ⊆ ϕ −1 (ϕ(K )). Therefore ϕ(P) is prime.
(ii) Let Q be a primary subhypermodule of M ′ and g(r n−1 1 , a) ⊆ ϕ −1 (Q ) with r n−1 1 ∈ R and a ∈ M \ ϕ −1 (Q ). Hence, we have g(r n−1 1 , ϕ(a)) = ϕ(g(r n−1
Therefore ϕ −1 (Q ) is primary. Similarly, for t > n such that t = l(n − 1) + 1 it can be proved that ϕ −1 (Q ) is primary. In a similar manner, we check (i) for primary subhypermodules and (ii) for prime subhypermodules. 
is a hyperideal of (R, h, k).
Hence k(s i−1 Proof. Let N be primary, k(r n 1 ) ∈ S N and r 2 , . . . , r n ̸ ∈ S N for r n 1 ∈ R. We must show that r 1 ∈ S N .
Since r n 2 ̸ ∈ S N it follows that g(r i , 1 (n−2) R , M) ̸ ⊆ N for all 2 ≤ i ≤ n. Also, since k(r n 1 ) ∈ S N , we have g(k(r n 1 ), 1 (n−2) R , M) ⊆ N. Hence g  r 1 , 1 (n−2) R , g(r n 2 , M)  ⊆ N.
If g(r n 2 , M) ⊆ N, then g  r n = g(r n 2 , M) ⊆ N.
Since r 2 ̸ ∈ S N , then g(r 2 , 1 (n−2) R , M) ̸ ⊆ N. Hence, since N is primary, there exist t 3 ∈ N and t 3 ≤ n such that g  k(r
Since N is primary, we have g(r
or . . . or r 3 ∈ S N (similar to the first possibility) which is a contradiction. Hence, g(r
Similarly, by the above reasoning, we can conclude that there exist t 4 , . . . , t n ∈ N such that g(r (t 3 ···t n ) n , 1 (n−(t 3 ···t n )−1) R , M) ⊆ N which contradicts r n ̸ ∈ S N . Therefore, g(r n 2 , M) ̸ ⊆ N and since N is a primary subhypermodule, there exists s ∈ N such that
which similar to before cases implies that r 1 ∈ S N . Note that 1 R ̸ ∈ S N because if 1 R ∈ S N , then M = g(1 (n−1) R , M) ⊆ N and so M = N which is a contradiction. Therefore S N is a proper subset of R. In a similar manner, for t > n such that t = l(n − 1) + 1, we can obtain r 1 ∈ S N . Consequently, S N is an n-ary prime hyperideal of R. Similarly, we can prove that S N is primary if N is prime. Clearly, S T is a maximal hyperideal and also a 3-ary prime hyperideal of the Krasner (m, n)-hyperring (Z, h, k), (see [2] ), in Example 5.3, since for r 3 1 ∈ Z, k(r 3 1 ) ∈ S T ⇒ r 1 ∈ S T or r 2 ∈ S T or r 3 ∈ S T .
